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ABSTRACT : 


The  function  of  mutual  coherence  is  con- 
sidered for  a partially  coherent  light  source 
in  a turbulent  medium.  The  behaviour  of  the 
effective  radius  of  the  coherence  p de- 
termining the  angular  beamwidth  is  investigated. 
The  dependence  of  the  mean  light  intensity  in 
the  turbulent  medium  on  the  initial  beam  cohe- 
rence is  also  considered.  It  is  shown  that 
the  mean  intensities  for  coherent  and  incohe- 
rent sources  become  close  at  a sufficiently 
strong  level  of  turbulence. 
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This  article  considers  the  effects  of  turbulent 


fluctuations  in  dielectric  permeability  on  the  charac- 
teristics of  a light  beam  v.hich  are  described  by  its 
2nd  order  coherence  function.  The  majority  of  theo- 
retical studios  dealing  with  the  propagation  of  light 
in  homogeneous  mediums  consider  purely  coherent  radia- 
tion sources.  However  the  degree  of  coherence  of  the 
source  pan  be  an  Important  faotor  in  a number  of  cases 
even  when  we  are  interested  in  such  comparatively 

coarse  characteristic  as  the  mean  light  intensity. 
Below  we  consider  the  sources  of  partially  coherent 
radiation  in  a turbulent  atmosphere  and  investigate 
the  effect  of  the  degree  of  coherence  of  the  source 
on  the  characteristics  of  the  light  beam. 

Let  ua  consider  the  light  source  in  the 
• jl-  o plane.  Its  coherence  function  is 

i'°  (*,“  p)  - M^Ml/2)  p)«;  (R  - 072)7) , 

2 


(1) 


where  uo  is  the  field  In  the  plane  x = O 

and  the  bar  denotes  averaging  of  the  field  u() 

over  the  fluctuations.  For  a completely  coherent  source 
r o 

1 the  function  has  the  form  of  a product, 

P ) “ M#  + ( 1 /2)  p)  «S  (fl  - ( 1 2)  P) , (la) 

so  that  In  this  case  the  modulus  of  the  complex 


coherenoe  [1 J is  equal  to  unity 

lT(*.  f)l  = 


i (/?.  f)\ 


P(/?-Hl/2)p,  0)  r"(/?-(t,2)  p,  0)1 1'* 
In  a turbulent  medium  the  coherence  function  is 
1’Of,  *.  P)  •«  s u(x,  R 4 (1  2)  p)  it*  (.t.  R - (1/2)  p) ' , 

where  „(.v,  R) 

is  the  field  at  the  distance  x from  the  source  and 
the  brackets  denote  averaging  over  the  flue  tuitions 
in  the  dielectric  permeability.  It  satisfies  the 
equation  derived  by  DoUti  [2j  (See  also  [3-5]  j: 

■ -y**V+Tw  T ” a (2) 


1. 


Here  ^ 2 JJ  <l’*  (*•  «>  0 “ cos  * ( 3 ) 

— > 

and  <T>,  (*,  vt)  <I>,  (x;  o,  *y,  * y»is  tne  turee-dimensionai  spectra  L 
density  of  the  fluctuations  in  the  dielectric  permea- 
bility wuich  is  a smooth  function  of  the  longitudinal 
coordinate  x. 

Th'>  solution  of  oquati  on (2  )with  initial  condition 

(la)  has  the  form  [3] 

0 

t*»  K,  j j tt'R  j*  [ «(sp' p )o\p(-*  (p-p’) 


(4) 


/ 


When  the  function  ) •(/?',  f-')=//0(AT-}  {l/2)p'K,/?'  - (1.2)  f) 
which  appears  in  (4)  is  considered  as  a random  function 


and  it  Is  averaged  over  the  fluctuations  uq,  we  obtain 
an  expression  for  the  function  !'(#,  fi<  p), 
corresponding  to  a partially  coherent  light  source, 
with  an  initial  coherence  function  in  the  general  form 


We  will  now  consider  some  consequences  which  follow 
from  formula  (4).  We  integrate  (4)  with  respect  to  R 
and  we  introduce  the  notation 

•(  (•»*.  p'  --  JJ  >’(*.  R,  t)d2R,  1o(p)  - 7(0,  p).  ^ 

Then  on  the  basis  of  (4),  we  obtain  the  simple 


relation 


T.U.  P)  “ To(p)  exp  ~ ~~~  j lHx\  P)  dx' 


for  the  coherence  function  overagad  over  the  beam  [3]. 

The  immediate  physical  meaning  of  Y^x,P)  is  that 
it  determines  the  angular  spectrum  of  the  light  beam. 

In  fact  when  we  place  a lens  in  the  plane  x - const 
which  intercepts  the  entire  beam  and  considen  the 
distribution  of  the  intensity  in  its  focal  plane, the 

value  of  the  intensity  T at  the  di«tanre  r from  the 
optical  axis  of  the  lens  will  be  proportional  to 


Hr)  JJ  7 (v,  p)  expj^y— p)  d* p. 


whore  f is  the  focal  length  of  the  lens.  Thus  the 
characteristic  scale  of  the  function Y (x,P)  overp 

determines  the  angular  beam  width.  Ve  will  call  this 
characteristic  scale  the  "effective  radius  of  coherence." 

It  should  be  noted  that  the  effective  radius  of 
coherence  which  was  introduced  in  this  way  does  not 
coincide  with  the  radius  of  coherence  which  Is  defined 
as  the  characteristic  scale  of  the  complex  degree  of 
coherence  Y . Kor  example  let  us  consider  a pure 
coherent  light  source  with  a field  distribution 
in  its  plane  in  the  form 

(8) 

Here  a is  the  characteristic  dimension  of  the  beam, 

F is  the  radius  of  curvature  of  its  piiase  front  (when 
F<0  the  beam  diverges).  The  oomplex  degree  of  coherence 
corresponding  to  (b)i»  equal  in  modulus  to  unity  since 
the  radius  of  coherence  of  such  a source  is  infinite. 

At  the  same  ,imo  the  function  Y5(p),  corresponding  to 
(8)  is  equal  to 


and 


1«.(p) 


■:«ia  |.-V:i  «.N|t 


Lf.l... 

A Ws 

r-  }v  J 

Aa-F> 

A'-ii  ' -V  t : ' 

(9) 


(10) 
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When  lor  example!  f|  -<at5  » 


even  though  the  baam  under  consideration  is  completely 
coherent.  The  infinite  radius  of  coherence  for  a 
source  of  type  ( 8 ) 

indicates  in  principle  the  possibility  of  obtaining 
for  it  a sharp  interference  pattern  with  tmin  = °* 

When  for  example,  one  of  the  apertures  of  the  interfero- 
meter is  placed  on  the  axis  of  the  beam  and  the 
other  at  a distance  on  the  order  a from  it,  to  obtain 

the  interference  pattern  with  I , = 0 

min 

an  attennuator  is  needed  which  equalizes  the  inton- 
sities  at  both  apertures.  When  ->ucn  an  attennuator 
is  not  used,  the  inter  furence  pattern  will  spread 
at  distances  on  the  order  of  p 

0 t t 


Thus 


determines  not  only  the  angular 


beam  width  but  has  also  direct  relevance  on  the  pos- 
sibility of  obtaining  an  interference  pattern  when 
amplitude -phase  adjustors  are  not  used. 

Lot  us  consider  the  case  when  tho  light  sour  ce  has 
partial  or  three  dimensional  coherence.  Suppose  for 

example  . . , f f>\  '/*P*  "I 

«o(P.)  '1  exp  | + <f(MJ  , (bu) 


where  $(pj)  is  the  random  phase  whoso  mean  value  Is  equal  t< 
0 anil  has  a Gaussian  distribution.  Whon 
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l?(Pt)-  <?(M*  = Fit  1 - P-J. 


we  obtain  easily  for  the  function  p) 

the  formula 


r«(tf 

In  this  case  the  function  Yo  ( P ) 
has  the  form 


„ r R*  P*  lk? R 1 n,\ 

, p)  ~ \A*\  exp  [ “ rt7  “ ^7  “ “ p ‘ “ o , 


■*>  “ *“■  W «!>  [-  T (~i  + " V*  - i *W 


Formula  (9)  wws  obtained  taking  into  account  the 
well  known  equality 

exFl /]?( p7)“T£)Tl  “ exp  |~  1?  (pi)  - TT(Pj)F | • 

In  subsequent  calculations  we  will  use  a quadratic 
approximation  of  the  function  F(P) 

f( p)  - P3/2;4, 


where  PK  is  the  radius  of  coherence  of  the  source  wh  Lch 

is  the  characteristic  scale  of  the  complex  degree  of 

coherence  q(PJ,  pV  We  note  that  is  related  to 

PK 

the  angular  beam  width  tV  in  the  region  A'>>Vo’ 

(where  its  directivity  pattern  was  formed)  by  the 
expression 

which  enables  us  to  estimate  f % . 


ka 


»r/T-  o'iK 


lx  , 

K 


+ Pi  J 


Then 


-»i-  ,A-t  exp 


(9a) 


Let  us  return  to  relation  (6)  and  consider  the 
case  of  a statistically  homogeneous  turbulent  medium 
for  which  the  structural  dielectric  permeability 
function  can  be  approximated  by  the  expression 

(-*•*  P)  "*  (A‘)|(f'J  +•  /J)1"1  — /u aJ , ( 1 1 ) 

The  spectral  -density 

«!•.  (*)  - XC'ill'n  (•/•/„)-"'“  *».•(*  w, 

/V  *,  |9-2l',^-]’(5/:3)|-'.  (l2) 

corresponds  to  structural  funotion  (ll) 

We  note  that  the  representation  of  the  spectral 
density  in  the  form  ( 12 ) approximates  welt  the  experi- 
mental data  [6]  with  respect  to  the  temperature  fluc- 
tuations both  in  the  inertial  and  in  the  viscous  spec- 
tral interval  . On  the  other  hand  expression  (ll) 
has  a simple  form  and  it  is  convenient  to  approximate 
the  structural  function  both  in  the  inertial  and  vj.s 
cous  interval*  The  scale  1 is  related  to  the 
scale  which  is  defined  as  the  point  of  intern?ct  ion 
of  the  asymptotic  expansions  ~ p*  and  ^‘(p)~;'‘!. 
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bv  the  relation 


Substituting  (i2)  in  ('3)  after  the  integrai  is 
evaluated  we  obta  m the  formula 

//(jc‘,  p)  - MC*(x\ K?5  -|-  /O’)5-*  - ll\ 

(13) 

5 r (s  3) 

and  in  accordance  with  (9)  (l3)and  (l6 )we  find  the  co- 
herence function  average!  in  the  plane 

1<*.  >)  - ««•  \A'\  exp  ( - . I f 1 + 1.  + *)"'  ) - 

1 4U  ' (14) 

-JSil*»c?xi(p»+  , 

where  we  used  the  notation 

A 

Cl  «■  j C*(x')  dx' . 

Formula  (14)  enables  us  to  investigate  the  behavior 
of  the  quantity  P*jj-  in  a turbulent  medium.  When  we 
define  as  that  value  of  p,  for  which  *((.r,  &)  dec- 
creases  e times  in  comparison  •pf.v,  0)  , we  obtain  fur  p 
the  equation 

(j*'  7 T ' ^ "»)  k%x  Hf-V  + ^ ll]  ■■■*  4,  (15) 


whose  solution  has  the  form 


*.-«[(£  fw-i] 


W 


He  re 


7 


'*) 


n 


i*  /*  * i A l (,i  ft  | 

■i 


7 “ 


and  is  a root  of  the  equation 

rv+r-r“"7-  (17) 

In  the  region  f«£l,  which  corresponds  to  z%.B, 
the  function  is 

* (7)  » T*1'5- 

In  this  case 

(•  + -^ ) -lj.  # > *•  ( 18 ) 

When  the  condit  ions  fl  > a,  S)>  1,  are  satisfied  simul- 
taneously, we  obtain  from  (18) 

G P 

% ~ o'  -A » #,  A » I,  ( 18a  ) 


and  the  effective  radius  of  coherence  is  small  in  com- 
parison with  the  internal  turbulence  scale  i . 

o 

When  but  £<1,  1 e.  j^T/3^1,  v\o  obtain 


from  ( 18 ) 


1 > B ; 


a, 


(18b) 


In  both  cases  (18a)  and  (l8b)  the  radius  of  co- 
herence is  determined  only  by  the  turbulence  parapet erH 
and  it  does  not  depend  on  the  initial  parBrnet ers of 
the  beam  . Therefore  we  can  call  the  case  B » 
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the  case  of  strong  turhulencH. 

For  the  condition  ^>’>1,  wbiuh  cun  also  hold  when 
B « a o r a ® R ^ 1.  the  solution  of’  equation  (7)  takes  on  the 

form  C<7)  - 1 [ l~7~,/6+  ~ T 2*-|  rM  + •••]. 
and  we  obtain  instead  of  ( L6 ) 


l fl1+  fd'/"+  l"P»  ' 1 !]  + °(i9’)}-  (L9) 


The  last  formula  applies  to  the  case  of  weak  tur- 
bulence whan  the  effective  radius  of  coherence  is  mainly 
determined  by  the  light  source. 

Let  us  now  consider  the  mean  intensity  which  can 
be  obtained  from  (4),  by  sotting  f>— (1  In  the 

previous  model  of  the  light  source  after  the  quadratic 
approximation  ol  ';he  function  /'(;■)  ' y':\ 
is  substituted  in  (y),  the  expression  f or  /(.v,  A’)  - I ‘(,v.  A’,  (') 
can  bo  roduced  to  the  form 


j{X,  i<)  j*  j9^!L£}x 


\ exp 


0 


(20) 


■hi-’ 


p tlii 


after  integration  with  respect  to  R anti  the  angular 


variable  related 

to  ?'• 

lie  re 

we  used  the  no  tat 

!'.(*) 

! i + /'/v 

id 

. ( •>  i \ 

! 

\ -v 

it  P;J 

l ~ ‘ ) 

We  note  that  the 

rad  1.  us 

or 

coherence 

> of  t h e source  f/h 

enters  (20)  only 

by  way 

of 

the  parameter  g , ( a 1 . 

1 1 


When  we  consider  a pure  coherent  light  source  for 


i 


which  r**-*  instead  of  /hf-vj  we  obtain  the  function 


i;2 

. (21a) 

and  the  expressions  (20),  (-21)  coincide  with  those 
given  in  [3]-  Thus  the  incomplete  coherence  of  this 
source  in  tne  expression  for  the  mean  intensity  is  equi- 
valent to  some  change  in  the  initial  radius  of  curvature  F. 

Let  us  consider  in  greater  detail  the  expression 
for  the  mean  intensity  on  t*18  beam  axis.  ye  use  the 
same  model  (13)  for  the  function  ll(x,f),  and  we 
assume  C,  (x)  =-  constant.  Then  we  obtain 

easily  for  J\x,Q)  the  formula 

»»  i . . 

1 (v.  0)  - /„(*)/>. i exp [-  pt-B  f ip— , U,  (2Z) 

where 


I and  B is  defined  by  ( 16 ) . The  quantity  1q(x)  is  the 
f intensity  on  the  beam  axis  from  the  same  light  source 
I in  the  absence  of  turbulence. 

In  the  case  of  small  p.  expression  (22)  takes  on 


< 


where  u =» — Bp  ■,*li  . We  note  that  expression  (23)  is 

8 

easily  obtained  directly  from  (20)  also  in  the  case 

of  va riable  C,  . 

1/6 

For  the  condition  Bp  ^ 1 the  asymptote  ll(x,  p)  «= 

a MC^(x)pJ/^^,  which  after  substitution  in  (20),  leads 
to  expression  (23)  in  which 


' - t * \%>r  i -y-'v,. 


The  function  f(y)  was  studied  in  [3]*  Here 

'“"2 

where  is  the  foot  mean  square  fluctuation  of 

the  complex  phase  for  a spherical  wave.  Thus  1 

depends  on  the  root  mean  square  phase  difference  on 

the  base  2a/gl(x).  When  we  consider  a weak  coherent 

source  for  which  p ZC  P ^ X */a> 

2 a „ 

and  — * 2f-k.  in  this  case  the  intensity  depends 

Si 

on  the  root  mean  square  phase  difference  on  the 
radius  of  coherence. 

The  ratio  of  the  mean  intensity  on  the  beam 
axis  for  a partially  and  completely  coherent  source  is 
given  in  Fig.  1 as  a function  of  p^/a, 

The  different  curves  differ  by  the  parameter 

which  is  determined  from  expression  (24),  in  which 


g^  was  replaced  by  g.  When  both  inequalities 
w,,0^  i.  w » 1,  are  satisfied,  in  both  cases  the 
asymptotic  formula  [3]  «=  l,lOil_®/4  — 1.49^* I? " + 


holds,  and 


.W,  ^1-1 ,3s  ( 1 “')+•■• 

/C4  ' l‘*'A  p£* 


and  the  quant iti.<*Icoh  and  Iinooj.,  are  close  to  one 
another,  i.e.,  in  the  region  ^ 1 the  mean  intensity 
no  longer  depends  on  the  degree  of  coherence  of  the 


source 


Fig.  1.  Ratio  of  Mean  Intensities  on  the 

Bean  Axis  For  a Partially  Coherent 
And  Completely  Coherent  Source  (Curve 
1 when  there  is  no  turbulence,  curvel, 
U --..-3  * curve*,  u .«  10 
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